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two columns of the table. In this case the disturbances were supposed removed for some time
before recording, so as to give a perfectly regular pattern.

The remaining column refers to a second variety, one with 'slow cooking'. In this the
value ofy was allowed to increase only at the rate 10-5• Its initial value was -0·010, but is
of no significance. The final value was 0·003. With this pattern, when shown graphically,
the irregularities are definitely perceptible, but are altogether overshadowed by the three­
lobed cOlnponent. The possibility of the ultimate pattern being four-lobed is not to be taken
seriously with this variety.

The set of reactions chosen is such that the instability becom.es 'catastrophic' when the
second-order terms are taken into account, i.e. the growth of the waves tends to make the
whole system more unstable than ever. This effect is finally halted when (in some cells)
the concentration of Y has become zero. The constant conversion of Y into X through the
agency of the catalyst C can then no longer continue in these cells, and the continued growth
of the amplitude of the waves is arrested. Wheny === 0 there is ofcourse an equilibrium with
X == Y == 1 in all cells, which is very slightly stable. There are, however, also other stable
equilibria with y == 0, two ofwhich are shown in the table. These final equilibria may, with
some trouble but little difficulty, be verified to be solutions of the equations (6·1) with

dX dY
CIt == ill -- 0,

and 32f(X, Y) == 57-50XY-7Y2, 32g(X, Y) === 50XY+7Y2_2Y-55.

The morphogen concentrations recorded at the earlier times connect more directly with
the theory given in §§ 6 to 9. The amplitude of the waves was tllen still sufficiently small for
the approximation of linearity to be still appropriate, and consequently the' catastrophic'
growth had not yet set in.

The functionsf(X, Y) and g(X, Y) of§ 6 depend also on y and are

f(X, Y) == 312 [ -7X2_50XY+57 +55y],

g(X, Y) == 312[7X2+50XY-2Y-55-55y].

In applying the theory it will be as well to consider principally the behaviour of the system
when y remains permanently zero. Then for equilibrium f(X, Y) === g(X, Y) === 0 which
means that X == Y == 1, i.e. h == k == 1. One also finds the following values for various
quantities mentioned in §§ 6 to 9:

a === - 2, b === -1·5625, C == 2, d == 1-500, S == 3-333,

1==0, ex == 0-625, X === 0·500, (d-a) (-bc)-t == 1·980,

(p+v) (f1v)-! == 2-121, Po == -0-25±0·25i,

P2 == -0·0648, P3 == -0·0034, P4 == -0·0118.

(The relation betw~enP and U for these chemical data, and the values Pn' can be seen in
figure 1, the values being so related as to make the curves apply to this example as well as
that in § 8.) The value s == 3-333 leads one to expect a three-lobed pattern as the commonest,
and this is confirmed by the values Pn- The four-lobed pattern is evidently the closest com­
petitor. The closeness ofthe competition may bejudged from the differenceP3 - P4 == 0·0084,
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which suggests that the three-lobed component takes about 120 S.D. or about 33 h to gain
an advantage of a neper (i.e. about 2·7: 1) over the four-lobed one. However, the fact that
y is different from 0 and is changing invalidates this calculation to some extent.

The figures in table 1 were mainly obtained with the aid of the Manchester University
Computer.

Although the above example is quite adequate to illustrate the mathematical principles
involved it may be thought that the chemical reaction system is somewhat artificial. The
following example is perhaps less so. The same' special units' are used. The reactions
assumed are

A-+X at the rate 10-3A A 103,. ,
X+Y-+C at the rate 103XY,

C-+X+Y at the rate 106C,

C-+D at the rate 62·5C,.

B+C-+W at the rate 0·125BC, B == 103,

W-+Y+C instantly,

Y-+E at the rate 0·0625Y,

Y+ v~ V' instantly,

V'-+E+ V at the rate 62·5V', V' == 10-3(1.

The effect of the reactions X+Y~Cis that C== 10-3XY. The reaction C~D destroys C,
and therefore in effect both X and Y, at the rate 116XY. The reaction A -?- X forms X at the
constant rate 1, and the pair Y+ V -+ V' -+E+ V destroys Y at the constant rate ~i\f1. The
pair B+C-:r W -+ Y+C forms Y at the rate tXY, and Y~E destroys it at the rate 116 Y­
The total effect therefore is that X is produced at the rate f( X, Y) == 116 (16 - XY), and Y at
the rate g(X, Y) == 116 (XY - Y-(1). However, g(X, Y) == 0 if Y~O. The diffusion constants
will be supposed to be Jl == i, v == 116 • The homogeneity condition gives hk 16, k === 16-(1.

It will be seen from conditions (9'4a) that case (d) applies ifand only if~ : <2'75, i.e. ifk

lies between 1·725 and 9-257. Condition (9·4b) shows that there will be instability if in

addition ~+~> J3 t, i.e. if k does not lie between 4·98 and 12·8. It will also be found

that the wave-length corresponding to k == 4-98 is 4-86 cell diameters.
In the case of a ring of six cells with (1 == 12 there is a stable equilibrium, as shown in

table 2.

cell
X
Y

o
7·5
o

1
3·5
8

TABLE 2

2
2·5
8

3
2·5
8

4
3-5
8

5
7·5
o

It should be recognized that these equilibria are only dynamic equilibria. The molecules
which together make up the chemicalwaves are continuallychanging, though their concentra­
tions in any particular cell are only undergoing small statistical fluctuations. Moreover,

8-3
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in order to maintain the wave pattern a continual supply of free energy is required.
It is clear that this must be so since there is a continual degradation of energy through
diffusion. This energy is supplied through the' fuel substances' (A, B in the last example),
which are degraded into 'waste products' (D,E).

11. RESTATEMENT AND BIOLOGICAL INTERPRETATION OF THE RESULTS

Certain readers nlay have preferred to omit the detailed mathematical treatment of
§§ 6 to 10. For their benefit the assumptions and results will be briefly summarized, with
some change of emphasis.

The system considered was either a ring of cells each in contact with its neighbours, or
a continuous ring of tissue. The effects are extremely similar in the two cases. For the
purposes of this summary it is not necessary to distinguish between them. A system with two
or three morphogens only was considered, but the results apply quite generally. The system
was supposed to be initially in a stable homogeneous condition, but disturbed slightly from
this state by some influences unspecified, such as Brownian movelnent or the effects of
neighbouring structures or slight irregularities of form. It was supposed also that slow
changes are taking place in the reaction rates (or, possibly, the diffusibilities) of the two or
three morphogens under consideration. These might, for instance, be due to changes of
concentration of other morphogens acting in the role of catalyst or of fuel supply, or to a
concurrent growth of the cells, or a change of temperature. Such changes are supposed
ultimately to bring the system out ofthe stable state. The phenomena when the system isjust
unstable were the particular subject of the inquiry. In order to make the problem mathe­
matically tractable it was necessary to assume that the system never deviated very far from
the original homogeneous condition. This assumption was called the' linearity assumption'
because it permitted the replacement of the general reaction rate functions by linear ones.
This linearity assumption is a serious one. I ts justification lies in the fact that the patterns
produced in the early stages when it is valid may be expected to have strong qualitative
similarity to those prevailing in the later stages when it is not. Other, less important, assump­
tions were also made at the beginning of the mathematical theory, but the detailed effects
of these were mostly considered in §9, and were qualitatively unimportant.

The conclusions reached were as follows. After the lapse ofa certain period of time from
the beginning ofinstability, a pattern ofmorphogen concentrations appears which can best
be described in terms of' waves'. There are six types of possibility which may arise.

(a) The equilibrium concentrations and reaction rates may become such that there would
be instability for an isolated cell with the same content as anyone of the cells of the ring. If
that cell drifts away from the equilibrium position, like an upright stick falling over, then,
in the ring, each cell may be expected to do·lik~ewise. In neighbouring cells the drift may be
expected to be in the same direction, but in distant cells, e.g. at opposite ends of a diameter
there is no reason to expect this to be so.

This is the least interesting of the cases. It is possible, however, that it might account for
, dappled' colour patterns, and an example ofa pattern in two dimensions produced by this
type ofprocess is shown in figure 2 for comparison with ' dappling'. Ifdappled patterns are
to be explained in this way they must be laid down in a latent form when the foetus is only
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a few inches long. Later the distances would be greater thaIl the morpllogens could travel
by diffusion.

(b) This case is similar to (a), except that the departure from equilibrium is fl.ot a uni­
dir~ctionaldrift, but is oscillatory. As in case (a) there may not be agreement between the
contents of cells at great distances.

There are probably many biological examples of tl1is metabolic oscillation., but no really
satisfactory one is knovvn to the author.

(c) There may be a drift from equilibrium, which is in opposite directions in contiguous
cells.

No biological examples of this are known.
(d) There is a stationary wave pattern on the ring, with no time variation, apart from

a slow increase in amplitude, i.e. the pattern is slowly becoming more marked. In the case
of a ring of c;ontinuous tissue the pattern is sinusoidal, i.e. the concentration of o:ne of the
morphogerts plotted against position on the ring is a sine curve. The peaks of the waves will
be uniformly spaced:~round the ring. The number of such peaks can be obtained approxi­
mately by dividing the so-called' chemical wave-length' ofthe system into the circunlference
of the ring. The chemical wave-length is given for the case of two morphogens by the
formula (9·3). This formula for the number ofpeaks ofcourse does not give a whole number,
but the actual number of peaks will always be one of the two whole numbers nearest to it,
and will usually be the nearest. The degree of instability is also shown in (9-3).

The mathematical conditions under which this case applies are given in equations
(9·4a), (9·4b).

Bi<,?logical examples of this case are discussed at some length below.
(e) For a two-morphogen system only the alternatives (a) to (d) are possible, but ,with

tllree or more morphogens it is possible to have travelling waves. With a ring there would
be two sets ofwaves, one travelling clockwise and the other anticlockwise_ There is a natural
chemical wave-length and wave frequency in this case as well as a wave-length; no attempt
was made to develop formulae for these.

In looking for biological examples of this there is no need to consider only rings. The
waves could arise in a tissue of any anatomical form. It is important to know what wave­
lengths, velocities and frequencies would be consistent with the theory. These quantities
are determined by the rates at which the reactions occur (more accurately by the' lnarginal
reaction rates', which have the dimensions of the reciprocal of a time), and the diffusi­
bilities of the morphogens. The possible range ofvalues of the reaction rates is so irrlmensely
wide that they do not even give an indication of orders of magnitude. The diffusibilities
are more helpful. If one were to assume that all the dimensionless parameters in a system of
travelling waves were the same as in the example given in §8, one could say that the product
of the velocity and wave-length of the waves was 311 times the diffusibility of the most
diffusible morphogen. But this assumption is certainly false, and it is by no means obvious
what is the true range of possible values for the numerical constant (here 311). The move­
ments of the tail ofa spermatozoon suggest themselves as an example of these travelling
waves. That the waves are within one cell is no real difficulty. However, the speed of
propagation seems to be somewhat greater than can be accounted for except with a rather
large numerical constant.
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(f) Metabolic oscillation with neighbouring cells in opposite phases. No biological
examples of this are known to the author.

It is difficult also to find cases to which case (d) applies directly, but this is simply because
isolated rings of tissue are very rare. On the other hand, systems that have the same kind of
symmetry as a ring are extremely common, and it is to be expected that under appropriate
chemical conditions, stationary waves may develop on these bodies, and that their circular
symmetry will be replaced by a polygonal symmetry. Thus, for instance, a plant shoot may
at one time have circular symmetry, i.e. appear essentially the same when rotated through
any angle about a certain axis; this shoot may later develop a whorl of leaves, and then it
will only suffer rotation through the angle which separates the leaves, or any multiple of it.
This same example demonstrates the complexity of the situation when more than one
dimension is involved. The leaves on the shoots may not appear in whorls, but be imbricated.
This possibility is also capable of mathematical analysis, and will be considered in detail
in a later paper. The cases which appear to the writer to come closest biologically to the
'isolated ring of cells' are the tentacles of (e.g.) Hydra, and the whorls of leaves of certain
plants such as Woodruff (Asperula odorata).

Hydra is something like a sea-anemone but lives in fresh water and has from about five
to ten tentacles. A part of a Hydra cut off from the rest will rearrange itself so as to form a
complete new organism. At one stage of this proceeding the organism has reached the form
of a tube open at the head end and closed at the other end. The external diameter is some­
what greater at the head end than over the rest of the tube. The whole still has circular
symmetry. At a somewhat later stage the symmetry has gone to the extent that an appropriate
stain will bring out a number of patches on the widened head end. These patches ar:,ise at
the points where the tentacles are subsequently to appear (Child 1941, p. 101 and figure 30).

According to morphogen theory it is natural to suppose that reactions, similar to those
which were considered in connection with the ring of tissue, take place in the widened head
end, leading to a similar breakdown of symmetry. The situation is more complicated than
the case of the thin isolated ring, for the portion of the H.1fdra concerned is neither isolated
nor very thin. It is not unreasonable to suppose that this head region is the only one in which
the chemical conditions are such as to give instability. But substances produced in this
region are still free to diffuse through the surrounding region of lesser activity. There is
no great difficulty in extending the mathematics to cover this point in particular cases.
But if the active region is too wide the system no longer approximates the behaviour of a
thin ring and one can no longer expect the tentacles to form a single whorl. This also cannot
be considered in detail in the present paper.

In the case of woodruff the leaves appear in whorls on the stem, the number of leaves
in a whorl varying considerably, sometimes being as few as five or as many as nine. The
numbers in consecutive whorls on the same stem are often equal, but by no means invari­
ably. It is to be presumed that the whorls originate in rings of active tissue in the meri­
stematic area, and that the rings arise at sufficiently great distance to have little influence
on one another. The number of leaves in the whorl will presumably be obtainable by the
rule given above, viz. by dividing the chemical wave-length into the circumference, though
both these quantities will have to be given some new interpretation more appropriate
to woodruff than to the ring. Another important example of a structure with polygonal
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symmetry is provided by young root fibres just breaking out from the parent root. Initially
these are almost homogeneous in cross-section, but eventually a ring offairly evenJly spaced
spots appear, and these later develop into vascular strands. In this case again the full
explanation must be in terms of a two-dimensional or even a three-dimensional problem,
although the analysis for the ring is still illuminating. When the cross-section is very large
the strands may be in more than one ring, or more or less randomly or hexagonally a.rranged.
The two-dimensional theory (not expounded here) also goes a long way to explain
this.

Flowers might appear superficially to provide the most obvious examples of polygonal
symmetry, and it is probable that there are many species for which this' waves roun.d a ring'
theory is essentially correct. But it is certain that it does not apply for all species. If it did it
would follow that, taking flowers as a whole, i.e. mixing up all species, there would be no
very marl{edly preferred petal (or corolla, segment, stamen, etc.) numbers. For 'when all
species are taken into account one must expect that the diameters of the rings concerned
will take on nearly all values within a considerable range, and that neighbouring diameters
will be almost equally common. There may also be some variation in chemical wave-length.
Neighbouring values of the ratio circumferences to wave-length should therefore be mor~

or less equally frequent, and this must mean that' neighbouring petal numbers will have
much the same frequency. But this is not borne out by the facts. The number five is extremely
common, and the number seven rather rare. Such facts are, in the a'uthor's opinion, capable
ofexplanation on the basis ofmorphogen theory, and are closely connected with the theory
of phyllotaxis. They cannot be considered in detail here.

The case of a filament of tissue calls for some comment. The equilibrium patterns on
such a filament will be the same as on a ring, which has been cut at a point where the
concentrations of the morphogens are a maximum or a minimum. This could account for the
segmentation ofsuch filaments. It should be noticed, however, that the theory will not apply
unmodified for filaments immersed in water.

12. CHEMICAL WAVES ON SPHERES. GASTRULATION

The treatment of homogeneity breakdown on the surface of a sphere is not much more
difficult than in the case of the ring. The theory ofspherical harmonics, on which it is based,
is not, however, known to many that are not mathematical specialists. Although the
essential properties of spherical harmonics that are used are stated below, many readers
will prefer to proceed directly to the last paragraph of this section.

The anatomical structure concerned in this problem is a hollow sphere of continuous
tissue such as a blastula. It is supposed sufficiently thin that one can treat it as a 'spherical
shell'. This latter assumption is merely for the purpose of mathematical simplification; the
results are almost exactly similar if it is omitted. As in § 7 there are to be two mor]?hogens,
and a, b, c, d, #', v', h, k are also to have the same meaning as they did there. The operator
\72 will be used here to mean the superficial part of the Laplacian, i.e. \72 V will be an
abbreviation of
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(12-1 )

where f) and ¢ are spherical polar co-ordinates on the surface oftIle sphere and p is its radius.
The equations corresponding to (7-1) may then be written

axat = a(X-h) b(Y-k) +!l'V2X,

~f = e(X-h) d(Y-k)+v'V2Y.

It is well known (e_g. Jeans 1927, chapter 8) that any function on the surface of the sphere,
or at least any that is likely. to arise in a physical problem, can be 'expanded in spherical
surface harmonics' _This means .that it can be expressed in the form

n~o [min A~P~z(cos (J) e
im

¢] ·

The expression in the square bracket is described as a 'surface harmonic of degree n'. Its
nearest analogue in the ring theory is a Fourier component_ The essential property of a
spherical harmonic of degree n is that when the operator \72 is applied to it the effect is the
same as multiplication by n(n+ 1)/p2_ In view of this fact it is evident that a solution of
(12-1) is

and

00 n
X === h ! ! (A~l eiqn t ._-/- B~'l eiq~ t) P~l(cos f)) eim¢,

n=Om=-n

00 n
Y == k !! (C~~eiqnt+Dr;:eiq~t)P~~(cos8) e i ¢,

n=Om=-n

where qn and q~ are the two roots of

(q-a+;:n(n+l)) (q-d+~n(n 1)) = be

A~(qn-a+;:n(n+1)) = bC~,

B~(q~ --a+;:n(n+ 1)) = eD~.

(12·2)

(12-3)

(12-4)

This is the most general solution, since the coefficients Ar;: and Br;: can be chosen to give any
required values of X, Y when t == 0, except when (12-3) has two equal roots, in which case
a treatment is required which is similar to that applied in similar circumstances in §7_ The
analogy with § 7 throughout will indeed be obvious, though the summation with respect
to m does not appear there. The meaning of this summation is that there are a number of
different patterns with the same wave-length, which can be superposed with various
amplitude factors_ Then supposing that, as in §8, one particular wave-length predominates,
(12-2) reduces to

no
X -h == eiqno t " Am pm(cos 8) eim¢£.. no no ,

In=-no
,
~n(np2 1)) (X-h).

(12-5)

In other words, the concentrations of the two morphogens are proportional, and both of
them are surface harmonics of the same degree no, viz. that which makes the greater of the
roots qno' q;lO have the greatest value_
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(12·6)

It is probable that the forms of various nearly spherical structures, such as radiolarian
skeletons, are closely related to these spherical harmonic patterns. The most irrlportant
application of the theory seems, however, to be to the gastrulation of a blastula. Suppose
that the chemical data, including the chemical wave-length, remain constant as th.e radius
of the blastula increases. To be quite specific suppose that

p'==2, v'==l, a==-4, b=-8, c==4, d==7.

With these values the system is quite stable so long as the radius is less than about 2. Near
this point, however, the harmonics ofdegree I begin to develop and a pattern offorrn (12·5)

with no == I makes its appearance. Making use of the facts that

P?(cos f)) == cos f), PI (cos f)) == PI 1 (cos f)) == sin f),

it is seen that X - h is of the form

X - h == A cos f) +B sin f) cos ¢+Csin f) sin ¢,

which may also be interpreted as
X-h == A' cos f)', (12·7)

where f)' is the angle which the radius f), ¢ makes with the ..fixed direction having d.irection
cosines proportional to B, C, A and A' == J (A 2 +B2 +C2) •

The outcome of the analysis therefore is quite simply this. Under certain not very
restrictive conditions (which include a requirement that the sphere be relatively sInal1 but
increasing in size) the pattern of the breakdown of homogeneity is axially symmetrical, not
about the original axis ofspherical polar co-ordinates, but about some new axis determined
by the disturbing influences. The concentrations of the first morphogen are given by (12·7),
where f)' is measured from this new axis; and Y - k is proportional to X-h. Supposing that
the first morphogen is, or encourages the production a£: a growth hormone, one must expect
the blastula to grow in an axially symmetric manner, but at a greater rate at one en.d of the
axis than at the other This might under many circumstances lead to gastrulation, though
the effects of such gro~th are not very easily determinable. They depend on the elastic
properties of the tissue as well as on the growth rate at each point. This growth will certainly
lead to a solid of revolution with a marked difference between the two poles, u111ess, in
addition to the chemical instability, there is a mechanical instability causing the breakdown
of axial symmetry. The direction of the axis ofgastrulation will be quite random according
to this theory. It may be that it is fOllnd experimentally that the axis is normally in some
definite direction such as that of the animal pole. This is not essentially contradictory to the
theory, for any small asymmetry ofthe zygote may be sufficient to provide the' disturbance'
which determines the axis.

13. NON-LINEAR THEORY. USE OF DIGITAL COMPUTERS

The' wave' theory which has been developed here depends essentially on the assu.mption
that the reaction rates are linear functions of the concentrations, an assumption "vhich is
justifiable in the case of a system just beginning to leave a homogeneous conditioIl. Such
systems certainly have a special interest as giving the first appearance ofa pattern, but they
are the exception rather than the rule. Most of an organism, most of the time, is developing
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from one pattern. into another, rather than from homogeneity into a pattern. One would
like to be able to follow this more general process mathematically also. The difficulties are,
however, such that one cannot hope to have any very embracing theory of such processes,
beyond the statement of the equations. It might be possible, however, to treat a few par­
ticular cases in detail with the aid of a digital computer. This method has the advantage
that it is not so necessary to make simplifying assu111ptions as it is when doing a more
theoretical type of analysis. It might even be possible to take the mechanical aspects of the
problem into account as well as the chemical, when applying this type of method. The
essential disadvantage of the method is that one only gets results for particular cases. But
this disadvantage is probably of comparatively little importance. Even with the ring
problem, considered in this paper, for which a reasonably complete mathematical analysis
was possible, the computational treatment of a particular case was most illuminating. The
morphogen theory ofphyllotaxis, to be described, as already mentioned, in a later paper,
will be covered by this computational method. Non-linear equations will be used.

It must be admitted that the biological examples which it has been possible to give in
the present paper are very limited. This can be ascribed quite simply to the fact that
biological phenomena are usually very complicated. Taking this in combination with the
relatively elementary mathematics used in this paper one could hardly expect to find that
many observed biological phenomena would be covered. It is thought, however, that the
imaginary biological systems which have been treated, and the principles which have been
discussed, should be of some help in interpreting real biological forms.
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